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1 AREAS OF RESEARCH

The primary area of my research has thus far been in Additive Number Theory. My main accomplishments
involve extending some combinatorial results which have their history in classical Number Theory to finite
groups and , hence my results belong in the areas of Combinatorics, Number Theory, and Algebra.

2 A BRIEF HISTORY OF MY MAIN RESULTS

Additive Number Theory can be best described as the study of sumsets of integers. By sumset, we mean for
sets A and B, A+ B :={a+bla € A,b € B}. A very familiar result in Number Theory, namely Lagrange’s
theorem that every nonnegative integer can be written as the sum of four squares, can be expressed in terms
of sumsets. In particular, if we let Ny be the set of nonnegative integers and if we let S be the set of all
integers that are perfect squares, then Lagrange’s Theorem has the form

No=S+S+S5+565.

As well, if we let E be the set of all even integers greater than 2 and if we put P equal to the set of all
primes, then the binary from of Goldbach’s Conjecture can be restated as

ECP+P

We consider two classic direct problems in Additive Number Theory. The first is the classical Cauchy-
Davenport Theorem and the second a conjecture of Paul Erdds and Hans Heilbronn [15] which stood as an
open problem for over 30 years until partially proven in 1994. This conjecture has its roots in the theorem
of Cauchy and Davenport; proven by Cauchy [7] in 1813 and independently by Davenport [10] in 1935
(Davenport discovered in 1947 [11] that Cauchy had previously proved the theorem). In particular,

Theorem 2.1. (Cauchy-Davenport)
Let k,1 be positive integers. If nonempty A, B C Z/pZ, p prime, with |A| = k and |B| =1, then |A+ B| >
min{p,k+1—1} where A+ B:={a+b|a€ A and b € B}.

It is with noting that in 1935 Inder Chowla [9] extended this result to composite m with the conditions that
0 € B and the other elements of B are relatively prime to m.

In the early 1960’s, Paul Erd6és and Hans Heilbronn conjectured that if the addition in the Cauchy-Davenport
Theorem is restricted to distinct elements the lower bound changes slightly. Erdos stated this conjecture
in 1963 during a number theory conference at the University of Colorado [15]. Interestingly, Erdés and
Heilbronn did not mention the conjecture in their 1964 paper on sums of sets of congruence classes [18]
though Erdés mentioned it often in his lectures (see [25], page 106). Eventually the conjecture was formally
stated in Erd8s’ contribution to a 1971 text [16] as well as in a book by Erdés and Graham in 1980 [17]. In
particular,
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Theorem 2.2 (Erdés-Heilbronn Problem).
Let p be a prime and A, B C Z/pZ with A # 0 and B # 0. Then |A+B| > min{p, |A| + |B| — 3}, where
A+B:={a+bmodp |ac A, be Banda#b }.

The conjecture was first proved for the case A = B by J.A. Dias da Silva and Y.O. Hamidounne in 1994 [12]
with the more general case (A # B) established by Noga Alon, Melvin B. Nathanson, and Imre Z. Ruzsa
using the polynomial method in 1995 [1].

Relevant to our work we also state that Gyula Kérolyi extended each result (basically) to abelian groups
and extended the Cauchy-Davenport Theorem to finite groups in various papers from 2003 — 2005.

3 THE MAIN RESULT

My coauthor and I did extend the Cauchy-Davenport Theorem to finite groups but discovered - the day before
I presented my result to the Memphis Combinatorics Seminar - that Gyula Karolyi had already established
the result. Hence we will concentrate on extending the Erdés-Heilbronn Problem to finite groups.

Extending the Erdds-Heilbronn Problem to finite groups involves the following structure of finite solvable
1
groups':

Theorem 3.1 (The Associated Field Structure Theorem).
Let G be a finite solvable group and 6 € Aut(G). Then there exists a K I G, K # G, such that

1. (K) =K,
2. G/K = (Fpn,+) for some prime p and n > 1, and

3. O(x) = yx where vy € Fy., z € G/K, and 0 is the map induced by 6 on G/K which we identify with
]Fpn by (2)

By the theorem, for each h € (Fyn,+) =2 G/K we fix a representative h € G of h and we use 0 = 1. Define
i K x (Fpn,+) — G by ¢(k,h) = kh. We have that 1 is a bijection by
k1, ha) - (ko ha) = kihy - koo
= kion, (k2)hihy

— (1, (k2) gy ) (h1 + Ba)
= w(k1¢h1 (kQ)ghl,hzﬁ hl + h2) (1)

where ¢p, (k) = hkh™' (so, in particular ¢, € Aut(K)) and Ghi by = hi - izj . (hlv/Jr\hj)*l € K with h the coset
representative of h in G. Hence 1 can be considered an isomorphism if we put the following non-standard
multiplication on K X (Fpn,+):

(k1,h1) - (k2, ho) = (k1dn, (k2)ghy sy 1 + ha).
In summary, for A C G, we can consider A C K x (Fpn,+), in particular, A = {(k1, k1), (k2, ha), ..., (ke he)}
for some ki, kg,...,k € K and hy, ha,...hy € (Fpn, +).

As stated, our goal is to extend the result to finite groups. As such we need the following definitions:

it is worth mentioning that there is significantly less algebraic structure required to extend the Cauchy-Davenport Theorem.
The interested reader is encouraged to read my dissertation.
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Definition 3.2 (Minimal Torsion Element).
Let G be a group. We define p(G) to be the smallest positive integer p for which there exists a nonzero
element g of G with pg = 0 (or, if multiplicative notation is used, g = 1). If no such p exists, we write

p(G) = .

and

Definition 3.3.
For a group G let Aut(G) be the group of automorphisms of G. Suppose § € Aut(G) and A, B C G. Write

A’Bi={a-0(b)|ac Abe B, anda #b}.

With these definitions we may now state that the above lay the groundwork for establishing

Theorem 3.4 (Erdés-Heilbronn Problem for Finite Groups).
Let G be a finte group and let A, B C G with |A| = a and |B| =b. Then |A ’ B| > min{p(G) — d,a+b—3}

where |A ’ B| = {abla € A,b € B,0 € Aut(G),a # b} and where § =1 if 0 is of even order in Aut(G) and
0 = 0 otherwise.

Actually, we showed something more general:

Theorem 3.5 (Generalized Erdds-Heilbronn for Finite Groups).

Let G be a finite group, 0 € Aut(G), and let A,B C G with |A] = a and |B] = b. Then |A ¢ B| >
min{p(G) — d,a+ b — 3} where 6 =1 if 6 is of even order in Aut(G) and § =0 otherwise.

This result is a very nice result on its own, but there is another aspect that makes it quite beautiful. The
proof involves using the techniques of Kéarolyi together with the Polynomial Method of Alon, Nathanson,
and Ruzsa. Hence the result is quite comprehensive in bringing together elements of the different proof
techniques for previous results.

4 CoO-SIDON SETS

Motivated by a question of Andras Sarkozy, colleagues and I investigated sufficient conditions for existence
of sets of natural numbers A and B such that the number of solutions of the equation a +b = n where a € A
and b € B is monotone increasing for n > ng. We also examine pairs A, B with the property that, for every
n > 0, the equation above has at most one solution, i.e. their pairwise sums are distinct.

The roots of this paper are in the notion of Sidon sets, which were a personal favorite of Erdés. In particular,
Erdos and his coauthors considered the functions

r(A,n) ={(a1,a2) € Ax A: a1+ az =n}| (
ri(A,n) =[{(a1,a2) € AXx A:a;+az=nand a1 < as}| (
ro(A,n) =|{(a1,a2) € AX A:a1+az=nand a1 < az}|

—
=W N
— o —

where A C Ny = the set of nonnegative integers.

A set A C N is called Sidon if r1(A,n) <1 for all n € N, i.e. the sums of non-ordered pairs of elements of
A are all distinct. Note that it is possible to extend the notion of a Sidon set to a pair of sets in different
ways. In our paper, we considered the following generalization:

Definition 4.1 (Co-Sidon Sets).
Two sets A, B C Ny are called co-Sidon if (A, B,n) < 1 for all n € Ny, i.e. the sums of ordered pairs from
A x B are all distinct.
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We showed numerous properties of Co-Sidon sets, with our main result being:

Theorem 4.2 (Main Theorem).
For all o, 8 € [0,1], there exist sets A, B C Ng such that A has lower (or upper) asymptotic density o, B
has lower (or upper) asymptotic density 38, and r(A, B,n) is monotone increasing in n.

5 ADDITIONAL WORK

My Master’s Thesis has been well read (#4 document when Googling the abc Conjecture). Tt is listed
on the abc Conjecture Home Page (http://www.math.unicaen.fr/ nitaj/abc.html) maintained by Ab-
derrahmane Nitaj and cited in the online encyclopedia everything2’s entry for the abc Conjecture. More
noteworthy, though, is that every summer I get at least one email from someone directing an REU that they
used my thesis essentially as a text to introduce their students to the problem.

Additionally Jonathan Hulgan I and I answered the following question:

Let {a1,as2,as, ...} be any sequence of real (or complex) numbers. Define
L a1 + e + (025
Pn ot Tam
Observe that if we consider the sequence of odd integers {1,3,5,...} then py = po =p3 =--- = % Define p
to be the constant ratio, i.e. if p; = po = p3 = --- = constant, then p; = py =--+ = p.

Hence we ask for each nonzero p, does there exist a sequence with the property

pr=p2=p3=--=p? (5)

A simpler question:
Show that if the sequence is an arithemtic progression such that p1 = ps = p3 = --- = p, then p = %
Describe which arithmetic progressions meet condition (5).

Our solution has appeared in the Pi Mu Epsilon Journal (Spring 2008).

6 FUTURE WORK

Paul Balister and I have made significant progress on the inverse problem related to our result extending the
Erdé&s-Heilbronn Problem to finite groups (i.e. given that we have equality, what does this tell us about the
structure of the. sets A and B?). It seems that it is also possible to extend other Combinatorial Number
Theory results on sumsets to groups. As well, I am exploring some convergence questions with h-fold sumsets.
In particular, such questions as: if A is a subset of some group G and if hA=A+ A+ ---+ A= G, what
does this tell us about G? If we consider the restricted sum, then this leads to at least two different types of
convergence questions. As well, the notion of co-Sidon sets is new and - as such - there are many questions
to be considered.
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